We demonstrate a novel cross-sectional deformation, called the radial corrugation, of multi-walled carbon nanotubes (MWNTs) under hydrostatic pressure. Theoretical analyses based on the continuum elastic approximation have revealed that MWNTs consisting of more than ten concentric walls undergo elastic deformations at critical pressure p c ≃ 1 GPa, above which the circular shape of the cross section becomes radially corrugated. Various corrugation modes have been observed by tuning the innermost tube diameter and the number of constituent walls, which is a direct consequence of the core-shell structure of MWNTs.
1 Introduction An important mechanical feature of carbon nanotubes is their high flexibility in the radial direction. Radial stiffness of an isolated carbon nanotube is much less than axial stiffness [1] , which result in an elastic deformation of the cross section on applying a hydrostatic pressure. Such a pressure-induced radial deformation yields significant changes in electronic [2, 3, 4, 5, 6, 7, 8, 9] and optical [10, 11, 12, 13] properties, indicating the relevance of the deformation in carbon nanotube applications. Thus far, many experimental and theoretical studies have been carried out on this issue [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] . Most of them focused on single-walled nanotubes (SWNTs) and their bundles, and revealed flattening and polygonalization in the cross section of SWNTs under pressures of the order a few GPa [10, 16] . Contrary to the intensive studies on SWNTs, radial deformation of multiwalled nanotubes (MWNTs) still remains to be explored. Intuitively, the multiple-shell structure of MWNTs is thought to enhance the radial stiffness of MWNTs. However, when the number of concentric walls is much greater than unity, outside walls have large diameters so that external pressure may lead to a mechanical instability in the outer walls. This local instability implies a novel cross-sectional shape transition of MWNTs different from the cases of SWNTs. This paper shows a new class of radial deformation, called radial corrugation, of MWNTs consisting of more than ten concentric walls. In a corrugation mode, outside walls exhibit wavy structures along the circumference as depicted in Titlefigure. We demonstrate that various corrugation modes can take place above critical hydrostatic pressure p c (N, D), in which p c depends on the innermost tube diameter D and the number of constituent walls N . It should be emphasized that radial corrugation we have found is a direct consequence of the core-shell structure of MWNTs, and thus is differernt inherently from simple radial collapse observed in SWNTs.
2 Continuum elastic-shell theory 2.1 Outline The stable cross-sectional shape of a MWNT under a hydrostatic pressure p is evaluated by using the continuum elastic theory for cylindrical shells [35, 36, 37, 38] . The mechanical energy U of a MWNT per unit axial length is written as
where U D is the deformation energy of all concentric walls, U I is the interaction energy of all adjacent pairs of walls, and Ω is the potential energy of the applied pressure. All the three energy terms are functions of p and the deformation amplitudes u i (p, θ) and v i (p, θ) that describe the radial and circumferential displacements, respectively, of the ith wall. See Eq. (8) below for the precise definitions of u i and v i . Our objective is the optimal displacements u i and v i that minimize the total energy U under a given pressure p. To this aim, we apply the variation method to U with respect to u i and v i , and then obtain the stable cross-sectional shape of a MWNT under p [39] . This strategy requires to derive explicit forms of U D , U I and Ω as functions of u i , v i and p, which we shall resolve in the subsequent discussions.
Strain-displacement relation
We first consider the circumferential strain of a hollow cylindrical shell due to cross-sectional deformation. Suppose a circumferential line element of length dl lying within the cross section of the shell with thickness h (See Fig. 1 ). The tilde (˜) attached to ℓ means that we consider the quantity at arbitrary point within the cross section. We shall see later (i.e., in Eq. (8) ) that the strain at arbitrary point is determined approximately by the strain just on the controidal circle denoted by C in Fig. 1 . This fact allows us to yield a simplified relation between the strain and displacements of the shell as given in Eqs. (9) and (10) .
The extentional strainε of the circumferential line element is defined bỹ
Here dl =rdθ, and dl * is the length of the line element after deformation (The asterisk symbolizes the quantity after deformation). The coordinatesx * ,ỹ * of the element after deformation is given bỹ
whereũ andṽ are components of the displacement vector in the radial and circumferential directions, respectively. It thus follows that
From Eq. (2), we haveε+1 = dl * /dl. Hence, squaring the both sides and then rearranging the result givẽ
Forε ≪ 1, the termε 2 can be omitted. Hence, we have from Eqs. (4) and (5) that
The last term in Eq. (6) is associated with the rotation of the line element due to deformation. The rotation angle β consists of two parts: i) a clockwise component dũ/dℓ = dũ/(rdθ) due to the spatial variation ofũ in the circumferential direction, and ii) a counterclockwise oneṽ/r due to the circumferential displacement of the element. Combination of the two parts gives
which has a positive value in the counterclockwise sense. The formula (6) is valid for arbitrary large rotation β. Particularly whenε and β are both sufficiently small (but finite), we may neglect the second term in the right side in Eq. (6) . (Here we exclude the possibility that |ũ| or |ṽ ′ | is of the order ofr or larger.) We further assume that normals to the undeformed centroidal circle C remain straight, normal, and inextensional during the deformation (See Fig. 1) . As a result,ũ andṽ are expressed bỹ
where u and v denote the displacements of a point just on C, and z is a radial coordinate measured from C. By substituting (8) into (6), we attain the strain-displacement relation such as [40] ε(z, θ) = ε(θ) + zκ(θ),
with the definitions:
Here r is the radius of the undeformed circle C. The results (9) and (10) state that the circumferential strain at arbitrary point in the cross section is determined by the displacements u(θ) and v(θ) of a point just on the undeformed controidal circle C.
Deformation energy
We are ready to derive the explicit form of the deformation energy U D . Suppose the ith cylindrical wall of a long and thin circular tube with thickness h. A surface element of the cross-sectional area of the wall is expressed by r i dθdz. The stiffness k of the surface element for stretching along the circumferential direction is given by
where E and ν are Young's modulus and Poisson's ratio, respectively, of the wall. Thus, the deformation energy
of the ith wall per unit axial length is written as
From (12) and (9), we obtain
which tells us the dependence of
2.4 Inter-wall coupling energy Secondly, the explicit form of U I is described by
The vdW interaction coefficients c ij are functions of r i and r j and defined by [38] 
where a denotes the chemical bond length between neignbouring carbon atoms within a layer (a = 0.142 nm), and ε and σ are the parameters that determine the vdW interaction between two layers (ε = 2.968 meV and σ = 0.3407 nm) [41] . In Eq. (15), we have set
with K ij = 4r i r j /(r i + r j ) 2 , and the wall spacing |r i − r i±1 | = 0.344 + 0.1e −D/2 nm according to Ref. [42] .
Pressure-induced energy
We finally derive an explicit form of Ω. Since Ω is the negative of the work done by the external pressure during cross-sectional deformation, it is expressed as Ω = −p(πr
Here, S * is the area surrounded by the N th wall after deformation (the sign of p is assumed to be positive inward). It is obtained by the line integral
From Eqs. (18) and (3) as well as the periodicity relation Copyright line will be provided by the publisher 3 Critical pressure curve 3.1 Evaluating critical pressure p c Our aim is to evaluate the critical pressure p c above which the circular cross section of a MWNT is elastically deformed into non-circular one. This is achieved by the following procedure [39] . First, we decompose the radial displacement terms as u i (p, θ) = u i (p) indicates a uniform radial contraction at p < p c and δu i (θ) describes a deformed, non-circular cross section observed just above p c . Similarly, we can write
i (p) ≡ 0 at p < p c . Next, we apply the variation method to U with respect to u i and v i , which results in a system of 2N linear differential equations with respect to δu i and δv i . Then, substituting Fourier series expansions of δu i and δv i into the differential equations, we obtain the matrix equation Cu = 0. Here, the vector u consists of the Fourier components of δu i and δv i with all possible i and all Fourier components labeled by n, and the matrix C involves one variable p as well as elasticity parameters. Finally, solving the secular equation det(C) = 0 with respect to p, we obtain a sequence of discrete values of p; among these ps, the minimum one serves as the critical pressure p c immediately above which the circular cross section of MWNTs becomes radially deformed. Figure 2 For all D, p c increase with N followed by a slow decay or saturating constant value. The increase in p c in the region of small N is attributed to the enhancement of radial stiffness of the entire MWNT by encapsulation. In contrast, the decay in p c indicates local instability in outside walls that causes radial corrugation of MWNTs with N ≫ 1.
Wall-number dependence
To be noteworthy is the occurrence of a kink in p c (N ) for small D. In the curve of p c (N ) for D = 4 nm, for instance, a kink appears at N = N 0 = 17 to the right of which the value of p c decay monotonically. The most striking is the fact that this kink determines the phase boundary between the elliptic deformation phase and the radial corrugation phases (as indicated by red arrows in the left-sided figure of Fig. 2) . We have found that N -walled nanotubes with N > N 0 exhibit some radial corrugation just above (N, D) ; see the left-side in Fig. 3 . This plot makes clear the optimal values of N and D that maximize (or minimize) the radial stiffness of MWNTs. We also obverve a ridge line extending from the top to the bottom of the surface. The ridge line corresponds to the phase-boundary kinks discussed in the previous section. In fact, multiple corrugation modes take place in the region to the left of the ridge line, as demonstrated in the phase diagram; see the right-side of Fig. 3 . Interestingly, multiple corrugation modes are formed depending on the values of N and D. We see that smaller D and larger N favor corrugation modes, in which larger N yield higher corrugation modes with larger n.
Concluding remarks
We have demonstrated the presence of multiple radial corrugations peculiar to MWNTs under hydrostatic pressures. Theoretical investigations based on the continuum elastic theory have revealed that MWNTs consisting of a large number of concentric walls undergo elastic deformations at critical pressure p c ∼ 1 GPa, above which the cross-sectional circular shape becomes radially corrugated. A phase diagram has been established to obtain the requisite values of N and D for observing a desired corrugation mode. It is hoped that our results should be verified by high-pressure experiments on MWNTs as well as atomic-scale large-scale simulations [43, 44, 45] .
Another interesting subject is to explore the structural deformation effect on the quantum-mechanical properties of π electrons moving in the corrugated carbon walls. It has been known [46, 47, 48] that mobile electrons whose motion is confined to a two-dimensional curved thin layer behave differently from those on a conventional flat plane; this results from the occurrence of effective scalar- [49, 50] and vector- [51] potential energies induced by geometric curvature of the underlying layer. Hence, quantum nature of electrons moving in the corrugated nanotube will be strongly affected by geometric curvature of the walls, which remains thus far unsettled. Intensive studies on the issues mentioned above will shed light on novel MWNT applications based on cross-sectional deformation.
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